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Abstract 

This paper deals with the modeling of income distribution in the Czech Republic in 2008. The 

values of the net year household income per capita (in CZK) are evaluated from data based on 

the Results of the Living Conditions Survey (a national module of the European Union 

Statistics on Income and Living Conditions (EU-SILC)) that has been organized yearly by the 

Czech Statistical Office since 2005. Data for the whole sample are analyzed and the 

comparison with the group of professionals in informatics is given. In the survey Czech 

households are taken as statistical units and we will analyze an occupation of a head of a 

household. The group of occupations in informatics is not included in the questionnaire the 

closest groups are scientists and experts in physics and related sciences, architects and 

engineers (the creative workers)”. This paper focuses on the use of lognormal distribution. In 

this paper moment and quantile methods, maximum likelihood or L-moment methods are 

used to estimate parameters of lognormal distribution. Using various methods we obtain 

different estimates of parameters of the theoretical distribution. The magnitude of these 

differences is shown in the paper together with the impact of these differences on 

characteristics of income.  
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Introduction  

This paper deals with the modeling of income distributions of the Czech households. In the 

analysis the lognormal distribution is used and results of four different methods of parameter 

estimation (method of moments, quantile method, maximum likelihood method, and not least 

method of L-moments) are compared. In the paper data from surveys Microcensus (1992, 
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1996, 2002) and European Union Statistics on Income and Living Conditions (EU-SILC) 

organised by the Czech Statistical Office are used. In these surveys a households are sampled, 

from such a data annual total net income per capita for each household is evaluated as the 

total income of a household divided by the total of members. In addition to the estimates in 

the whole population of Czech households the special attention was paid to a group 

of households with the head´s occupation classification characterise as “scientists and experts 

in physics and related sciences, architects and engineers (the creative workers)”. This group 

includes people with the education in informatics, which are not researched separately.  

For the description of samples usual characteristics of location, variability and shape 

of distributions are used in (Bílková, Budinský, Vohánka, 2009). We add less frequently used 

characteristic of location – medial. By Medial is a value of the 50% tantile. Sample tantiles, as 

well as sample quantiles, are based on the ordered sample. First of all cumulative sums 

of observations in the ordered sample are evaluated. Then for given percentage P (0 < P < 

100) the P% tantile is defined as a value an analyzed variable that divide all observations in 

the ordered sample into two parts: the sum of smaller or equal observations is P % of the total 

sum of values and the sum of observations that are equal or greater represents the residual 

(100 – P) percent of this sum. It can be derive from this definition that the medial can be used 

as a reasonable characteristic of the level of income, because households with the income per 

capita lower or equal to the medial receive a half of the total income in the sample and 

households with the income greater or equal to the medial receive the other half of the total 

income. 

The method of estimation parameters, including the three-parametric lognormal 

distribution are described in the statistical literature, see for example (Pacáková, Sipková, 

Sodomová, 2005) or (Sipková, Sodomová, 2009). Three-parametric lognormal distribution is 

discussed in detail for example in (Bartošová, Bína, 2009) or (Bílková, 2008), moment 

method of parameter estimation in (Bartošová, 2009) or (Bílková, 2008), quantile method 

in (Bartošová, Forbelská, 2011) or (Sipková, Sodomová, 2007), maximum likelihood method 

in (Bílková, Malá, 2010). The concept of L-moments and the use of these quantities in the 

estimation of parameters of probability distribution are given in (Bílková, 2011), (Hosking, 

1990) or (Hosking, Wales, 1997). 

The description of various models of income distribution and the discussion taht deals 

with the application of fitted income distributions in the evaluation of living standards is 

http://eso.vse.cz/~sklenak/pcvse/pcvse-sfx.php?krestni=Diana&prijmeni=B%CDLKOV%C1&katedra=KSTP
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included in papers (Arltová, Langhamrová, 2009), (Arltová, Langhamrová, Langhamrová, 

2010) or (Miskolczi, Langhamrová, 2011). 

 

1. Results and Conclusions 

Tab. 1 presents the values of sample characteristics of location, variability and shape 

of a distribution of net annual household income per capita (in CZK). The differences 

in analyzed samples are well notable. We can see significantly higher values of all three 

characteristics of location (mean, median, medial) in the group of scientists, and experts in 

physics and related sciences, architects and engineers than in the total sample of households in 

2008. The sample standard deviation is significantly higher in the analysed subgroup (it 

implies bigger differences in incomes), but the coefficient of variation as the characteristic 

of relative variability is on the contrary slightly less in the subgroup. Frequency distribution 

of the total sample of households has substantially greater skewness and kurtosis than 

frequency income distribution of scientists and experts in physics and related sciences, 

architects and engineers. Moreover we can see selected quantiles in the Tab. 1. The lower and 

upper quartiles define an interval of middle 50 percents of incomes. The first percentile, is 

sometimes used as a characteristic of the minimum income and the ninety-ninth percentile can 

be used as a characteristic of the maximum income. The first decile means an upper limit 

of 10 % of the lowest incomes and the ninth decile describes the lower limit of 10 % of the 

highest incomes. We can see comparable low quantiles (first percentile, first decile, first 

quartile) and the difference is obvious in the upper quantiles as upper quartile, ninth decile or 

especially 99
th

 percentile. It shows people with very high incomes in the subgroup. 

 

Tab. 1: Sample characteristics of income per capita (CZK) in 2008 

Sample characteristic Total set Analysed subgroup 

Arithmetic mean (in CZK) 132,877 187,615 

Median (in CZK) 117,497 155,712 

Medial (in CZK) 133,930 212,733 

Standard deviation (in CZK) 73,982 102,601 

Coefficient of variation (in %) 55.68  54.69 

Moment skewness (without unit) 6.979 1.375 

Moment kurtosis (without unit) 123.826 1.750 

Lower quartile (in CZK) 97,160 109,986 

Upper quartile (in CZK) 148,937 229,764 
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1
st
 percentile (in CZK) 40,795 50,481 

1
st
 decile (in CZK) 76,571 91,105 

9
th

 decile (in CZK) 202,327 331,759 

99
th

 percentile (in CZK) 391,094 525,146 

Source: own research 

Tab. 2: First three sample L-moments (l1, l2, l3) in 1992 − 2008 

 

 

 

Total set 

Scientists and experts in physics and related 

sciences, architects and engineers 

Year l1 l2 l3 l1 l2 l3 

1992 89,766.165 28,487.340 6,662.317 55,752.596 17,788.276 7,766.527 

1996 160,065.841 53,010.501 13,963.572 92,376.416 25,176.374 8,197.479 

2002 105,029.886 27,978.395 10,229.621 149,917.969 45,569.737 19,191.463 

2005 111,023.709 28,340.178 9,113.571 146,872.259 37,982.969 4,621.693 

2006 114,945.080 28,800.682 9,286.184 174,383.606 50,038.874 13,974.047 

2007 123,806.489 30,126.111 9,530.570 182,063.629 54,067.548 13,212.770 

2008 132,877.187 31,078.956 9,702.450 187,615.074 54,076.639 15,271.027 

Source: own research 

 

Fig. 1: Development of the location characteristics (in CZK) in 1992 − 2008 
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Source: own research 

Tab. 2 presents values of the first three sample L-moments for both populations. The 

first sample L-moment coincides with the mean value. The development during 17 analysed 

years is obvious in the table. In the year 2005 (first survey hold according to the EU 

methodology) is rather different (it gives also strange value for shift parameter of the 

lognormal distribution) but there are only 81 observations in the subgroup of analysed 

professionals. 

 

Tab. 3: Estimated parameters of three-parametric lognormal distribution in 2008 

 

Method 

 

Set 

Parameter estimations 

μ σ
2 

θ 

M
o

m
en

t 

m
et

h
o

d
 

 

Total set 
 

 

10.328 

 

1.089 

 

80,179.043 

 

Analysed subgroup  
 

 

12.293 

 

0.171 

 

−50,073.097 

Q
u

a
n

ti
le

 

m
et

h
o

d
 

 

 

Total set 
 

 

10.961 
 

 

0.417 
 

 

59,909.004 
 

 

Analysed subgroup 
 

 

11.691 
 

 

0.511 
 

 

36,175.807 
 

M
a

x
im

u
m

 

li
k

el
ih

o
o

d
 

m
et

h
o

d
 

 

Total set 
 

11.703 

 

 

0.177 

 

 

−171.167 

 

 

Analysed subgroup 
 

 

11.855 

 

 

0.589 

 

. 

20,144.659 

 

L
-m

o
m

en
t 

m
et

h
o

d
 

 

Total set 
 

11.163 

 

 

0.428 

 

 

45,634.578 

 

 

Analysed subgroup 
 

 

12.010 

 

 

0.506 

 

 

146.052 

 

Source: own research 

The development of the location characteristics from 1992 to 2008 is shown in Fig. 1. 

We can see in the figure that all the location income characteristics of the households 

of scientists and experts in physics and related sciences, architects and engineers lie 

substantially higher than the location income characteristics of the whole set of households 

throughout the monitored period. 

Tab. 3 presents the estimated values of the parameters of three-parametric lognormal 

distribution. If X means a random variable with this distribution, than the parameter μ is an 

expectation of ln(X − θ), σ
2
 is a variance of this shifted distribution and a shift parameter θ 
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describes the minimal value of the distribution in the form X > θ. We can see from this table 

that the value of parameter θ (theoretical minimum) is, in many cases, negative. However, 

since the three-parametric lognormal curve has very tight contact with horizontal axis at the 

beginning of its course, this fact does not have to be a problem for a good fit of the model.  

 

Fig. 2: Estimated probability density functions of the three-parametric lognormal 

distribution for the whole population according to the method used in 2008 
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Source: own research 

Fig. 3: Sample and theoretical median of the net annual income per capita in 1992 − 

2008 
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The estimated three-parametric lognormal probability densities are shown in the 

Fig. 2. There are surprisingly obvious significant differences between the curves of 

probability density functions estimated with the use of various methods of estimation. 

The question of suitability of a chosen log-normal distribution is not a common 

statistical problem of testing the null hypothesis “H0: The sample comes from the assumed 

distribution” versus the alternative hypothesis: “H1: non H0“. In the case of the goodness of fit 

test for income distributions, we often encounter the large n problem. If we work with large 

datasets, the test tends to reject almost every null hypothesis. There are two reasons for this. 

Firstly the power of this test is for large samples (for a given significance level) too high and 

it takes into account even the smallest differences of the real income distribution and the 

model. The other reason is the principle of the test construction itself. Since small differences 

are out of our scope, the approximate fit of the curve is sufficient – we “just borrow the model 

(the curve)”. In these cases the use of the well-known χ
2 

criterion is rather limited. Therefore 

the interpretation of the results can be more or less arbitrary and we have to take the 

advantage of the experience and logical analysis. 

The Fig. 3 provides some idea of the terms of accuracy of the methods of parameter 

estimation. It includes the development of sample median and the development of theoretical 
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medians of three-parametric lognormal distribution (evaluated from the estimated 

distributions with the use of various methods for 1992 to 2008). The exception is the quantile 

method of parameter estimation, because we choose one of three quantile equations to be the 

equality of sample and theoretical median. Then theoretical median is always equal to the 

sample one and the development of a theoretical median of the quantile method coincides 

with the development of sample median and it tells us nothing about the relevancy of the 

lognormal curve. So with the exception of quantile method of parameter estimation, we can 

state that L-moment method of parameter estimation gives most accurate results, including 

maximum likelihood method. As expected, the moment method of parameter estimation gives 

the least accurate results. 
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