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Abstract
The aim of this paper is to give some examples of generalized Cobb-Douglas surfaces and
some geometric characteristics of these surfaces. In case of growing returns to scale Cobb-

Douglas surfaces have the form
y(X%, ¥) = (X, ¥, A-x“-y”), where x>0, y>0, a+£>1 a>0, >0.
In case of decrease returns to scale Cobb-Douglas surfaces have the form
(X, y)=(X,y, A-x*-y”), where x>0, y>0,a+<1, a>0, f>0.
Analogically in case of constant returns to scale Cobb-Douglas surfaces have the form
(X%, ¥) =Xy, A-x“-y?),where x>0, y>0,a+£=1 a>0, >0.

We are interested in Gaussian curvature, mean curvature and principal curvatures of these

surfaces.

Key words: Tangent vectors, normal vector, Weingarten map, Gaussian curvature, Mean

curvature, first and second fundamental form, shape operator.
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Surfaces in R?

A subset S < R® is a regular surface if for every point peS there is an open set U — R*and
an open set V < R®, peV such that there is a regular map »:U — R® which is a homeo-

morphism of an open set U — R? onto open set V N S.
A surface map y:U —ScR® where U is an open set in R? is called regular if it is

smooth and tangent vectors y, and y, are linearly independent at all points (x, y) U, such

that the normal vector y, xy, =N is a non-vanishing vector field on a regular surface S,

everywhere perpendicular to S . A regular surface is a surface S — R® atlas of which consists
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of regular maps. In this paper the notion map always means a regular map and we are to study
smooth surfaces, whose atlas consists of regular maps. The basic tool for our study is the
shape operator defined as follows.

Definition 1. Let S < R*be a regular surface and let n be a surface unit normal to S defined
in a neighbourhood of a point x € S. For a tangent vector veT, (S) we define ¢(v)=-n,.

Lemma 1. Let ScR? and y:U — R® be a regular map. Then
oy )=-n, and o¢(y,)=-n,. 1)
Proof: For fix y,, 7(X,Yy,) isacurve in S. We have
P (X, Yo )) =o' (X, ¥o)) =—N, ) =—(Noy) (X) =—n,.
Analogically o(y, (X,,Y))=-n,.

Lemma 2. At each point x of a regular surface S —R?, the shape operator is a linear map
@ T, (S) > T, (S).

Remark 1. Let y be a regular injective map. The equations n-y, =0 and n-y =0 give

Oz(n'yx)x:nx'7x+n'7xx:>_nx7/x:n']/xx’
Oz(n'yx)y:ny'7x+n'7xy:_ny7x:n'7/xy:n'7yw
O=(-y,),=n, -y, +N-y, =-Ny, =n-y,.

Remark 2. Let »:U — R® be a regular injective map. Let us denote

Ill:_nx'}/x =Ny
|12:_ny'7/x :nyxy :nyyx :_nxyy’ (2)

l,, =-Nn, -y, =Ny,.
The functions 1,,,1,,,1,, are coefficients of the second fundamental form F, of y.

F, =1,dx* + 21 ,dxdy +1,,dy?.

If we denote g, =|,|", 9=7.7, 92 :Hyyuz,the first fundamental form F, can be writ-

ten in the form

F = glldX2 +2g,,dxdy + gzzdyz-
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Theorem 1. Let y:U — R® be a regular injective map. Then the shape operator ¢ is given
with respect to the basis y,,y, €T, (S) in the form

): g22|ll B ngIIZ + gllllz - glzlll

(7, 2 Vx 2 Ty
011922 — 912 011922 =912 (3)
920l12 — 94l 9ulz2 — 90l
(D(J/y) — 22712 12 222 ) 11722 12212 -
01192, — 912 011922 =912
Proof: As y is aregular injective map and y, and y, are linearly independent we have
¢(7x)=a117x+a217/y=_nx’ (@)
¢(7/y) =AY, t a227/y =_ny7
for functions «,,, a,,, ,,, ,, which we need to compute. From (1) and (3) we have
Ly =-n,7, = 91,00, + 91,05,
Iy, = Ny = 0120 + 0505,
()

l, = Ny = 0110, + 01,0,

Iy, = —Ny 7y =010, + §50,,.

Equations (5) can be written in the form

(Ill I12} _ (911 g12j(a11 0{12]

I, 1y O O N\ Ay
-1

(0‘11 alzJ _ [911 glzj (Ill I12}

Ay CQy 01 92 I, 1y

(0‘11 alzJ: 1 (922 _QIZJ(IM |12j
Ay Oy 911922_9122 -0, 95 N 1

From which immediately follows (2).

or

So we have

Remark 3. The shape operator can be represented by a matrix

gzzlll - ngIlZ gllllz B glzlll

Ag)=| 9u922= 0%  9ulx — O

gzzllz B g12|22 gll|22 - ngIlZ .
0:,9,, — 9122 0:,9,, — 9122
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As K =det A(p) and H :%U‘A(q)) we have

- 01195, — 9122 2(911922 - 9122)

2
K = |11I22 - I12 and H |11gzz - 2|12912 + |22gll

Examples
Example 1

In case of growing returns to scale we will study the Gaussian curvature, mean curvature and
principal curvatures of a special type Cobb-Douglas surface of the form

7(X, y) = (X, Y, xy), i.e. a+8=2 (see Fig. 1).
Solution. We have
7x=@0,y) 7, =(01x), 9,y =1+ Y2, 01 =X, O, =1+ X%

(—y,—X,l)

X2 +y?+1

75 =(000), 7, =00, 7, =(000).

The unit normal is n= . Further we have

The equations

give
l,,=0, I, :;, l,,=0.
D4y +1
So we have
-1 — Xy

3/2°

Kee—— > H=
(X* +y? +1)° (X*+y?+1)

From the first of the previous equations follows that for all x, y € R the Gaussian curvature is
negative, which means that every point of Cobb-Douglas surface y(x,y)=(x,y,Xy) is hy-
perbolical. Principal curvatures k; and k, can be written in the form:

241



International Days of Statistics and Economics, Prague, September 22-23, 2011

LT 1y 4 ) [—xy+\/x2y2 4y +1)]

— [—xy—\/xzy2 +(x*+y? +1)].

-

and k, =

(x* +y?+1)

Example 2

In this example we will study Gaussian curvature, mean curvature and principal curvatures of
Cobb-Douglas surface

(X, ¥) = (X, y,xy?), i.e. a+ =3 (seeFig. 2).

Fig. 1

Source: author

Solution. The basis of T, (S) has the form y, = (1,0, y?), 7, =(01.2xy),

gll:1+ y4’ ngZZXy31 922:1+4X2y2,
7w =(0,00), 7, =(002y), 7y, =(00.2x).

(_y2 ’_nyil)

The unit normal is n =
\/y“ +4x%y? +1

. Further, we have

|11:0’ |12: 2y I, = 2

\/y“ +4x%y? 17 \/y“ +4x%y? +1
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The Gaussian curvature and mean curvature have the forms

2

—4y <0 B x —3xy*
(y* +4x2y2 +1)2 = (y* +4x%y? +1)%%°

If y=0 then K <0 and every point of this type of given surface is hyperbolical. Principal
curvatures can be written in the form:

K - 1
Yoyt +4x%y? 41)
1

— [x—3xy4 +\/(x—3xy4)2 +4y?(y* +4x%y? +1)l

— [x—3xy4 —J(x=3xy")2 +4y? (y* +4x%y? +1)] .

2

B (y* +4x°y* +1)

Fig. 2

Source: author

Example 3

In this example we will study Cobb-Douglas surfaces of the form:
1) 7(x,y)=(xYy,x*y?), i.e. a+b=4 (see Fig. 3)

Solution. The basis of T, (S) has the form », =(1,0,2xy?), y, =(0,1,2yx?),

011 =1+4X2y4’ 0;, =4x3y3, 0,5, :1+4X4y2-
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_ 2 2
The unit normal has the form n= (F2xy" 2y 1) . Functions I,;, 1,,, |,,are:
JAxPy*t +4y?xt 41
2y2 4xy 2x° 2.4 2,4
I, = T I12=7, IZZ:T,Where ﬁz\/4x y'+4y X" +1

The Gaussian curvature and mean curvature can be written in the form

B —12x%y? X +yr-sxtyt
(Ax%y* +4y*x* +1)?° (Ax2y* +4y*x* +1)%2°

K <O0forall (x,y)eR. Every point (x, y) # (0,0) is hyperbolical.
2) r(x,y)=(xYy,x*y?), ie a+b=5 (seeFig.4)

Solution. The basis of tangent space has the form », =(10,2xy%), 7, =(0,1,3x*y?).Func-

tions 011,912, 9,, Ar€
O11 :1+4X2y61 U1, :6X3y5’ 9,5, :1+9X4y4-

We have y,, =(0,0.2y°), 7,, =(0,0,6xy*), 7,, = (0,0,6x?y). The unit normal has the form

_ (_ny3l_3xzy2!1)
(4x2y° +9x*y* +1)Y2

.The functions 1, I,,, I, are

2 2
l,, = 3 ,I12=6X;/ ,I22:6X/1y,where A=(4x%y® +9y*x* +D)Y2,

The Gaussian curvature and mean curvature are

—24x%y* y® +3x°y —15x"y’

T (@xPyE +oxtyt 112 C(4xPy® +oxtyt +1)%2

So we have K <0 and if (x,y) = (0,0) then K <0. Every point of given surface for which
(%, y) = (0,0) is hyperbolical.

Example 4

In this example we will study the general case of Cobb-Douglas surface
y(%,y)=(x,y,x"-y"), where m,nare constants, m>0,n > 0.

Solution. The basis of tangent space can be written in the form
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7o =@QO,M-X"Y"), y, =(0Ln-y"x").

Functions_g,,, 9,,, 9,, have the form

2y2m-2,,2n 2m-1 2n-1 2y,2n-2 \,2m

0y =1+m° X7y, g, =m-n-xXT -y, g, =1+n"y

The unit normal has the form

2m-2,,2n 2\ 2n-2 y2m

where 2 =m*x*"?y*" +n’y +1.

Y =(0,0,m(m-1)x"* - y"),
7y =(0,0,m-nx"".y" ),
y =(0,0,n(n=1)y"?-x™).

The functions 1,,1,,,1,, can be written in the form

m(m-1)x™?y"

I, = I :

I B m.n'xm—lyn—l

12 \/z ]
n(n-1)y"*x"

l,, = 7 .

The Gaussian curvature has the form
K- mn-[L—(m+n)]. x2™2y?"2 | ©)
(mzxzm 2y2n +n2X2my2n 2 1)2

Conclusion

From formula (6) can be easily seen that following implications are true:

1) m+n>1=K<0,and if (x,y)=(0,00=K <0,
which means that every point (X, y) where (x,y) # (0,0) of Cobb-Douglas surface is hy-
perbolical and principal curvatures k; and k, have the opposite signs.

2) m+n=1=K =0,
which means that every point of Cobb-Douglas surface is parabolic. Exactly one of prin-

cipal curvatures is zero.
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3) m+n<l=>K=>0,and if (x,y)=(0,0)=K>0,
which means that every point(x, y) where (x, y) = (0,0) is elliptical and principal curva-
tures k, and k, have the same sign.

The mean curvature can be written in the form
_ m(m=D)x"?y" +n(n-1)y"*x" —mn(m+n)x*"*y*"2

2(m2X2m—2y2n + rl2X2my2n—2 +1)3/2

H
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