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GEOMETRY ONE SPECIAL TYPE OF SURFACES IN R3
Milos Kanka - Eva Kankova

Abstract

The aim of this paper is to give formulas for Gaussian and Mean curvature of one special type
of surfaces of the form

X{" +X5 +x3 =1, where aeR, a>0, a=l. Q)
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Introduction

In [4] we studied the Gaussian curvature of surfaces of this type without using their
parametrical description. To reach the formulas of Gaussian and Mean Curvature, we use in
this remark parametrical description of (1) in the form

Xg = F (X, %) = (L= x¥ —x§)¥*, 1-x¥ —x§ >0.

1 My results

The tangent and normal vectors at the arbitrary point x=(x;,X,,X;) €S are:
gx1 = (:L 0, fx1 (X1’X2))1 gx2 = (01 1 fxl (lexz))’ n= (_fxl (Xl’x2)7 - fxz (Xlixz)' 1)-

In case of (1) the tangent vectors and the normal vector have the form

—xft —xg?
gX1 = 1’ 07 E ’ gX2 = 07 17 E ’ (2)
(1—xf‘—x§‘)a (1—xf‘—x§‘)a
a-1 a-1
n= X , X2 1] @3)
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It is also possible to rewrite vectors (2) and (3) in the form

The unit normal N has the form

1

a-1 a-1 a-1
N = '(Xl y X2 ] X3 )'

B _ W2
(Xlza 2 | 3202 4 x2a 2)1/

The equation N-N =1 gives

(N-N), =0 A (N-N), =0 = 2:N-N, =0 A 2-N-N, =0. (4)

From (4) follows thatN, ,N, eT,(S). We can express the vectors N, and N, as a linear

combination of the bases of T,(S), where x = (X;, X,,X,). So we have

le =810y T 129,

Nx2 =810y +a220x,-

From (5) follows

Ny -9y, =a11911 + 812012, or Ny -Ox, =

Ny, - Ox, =a21011 + 822012, Ny, - Ox, =

where functions

20-2 a-1
i =1+ X1 Gry = (x4 - X2)
11 202 ' 912 2a-2 "

(1—x1“—x§‘) a (1—xf‘—x§‘)T

which can be also written in the form

Q)

11912 + 812022,

ap1012 t@22022,

(6)

Xga—Z

022 =1+ 5
(]__sz _Xg)Zo;Z

X 2002 X a-1 X a-1 X 202
=1+ A , — A . 22 , =1+ 22 ,
J11 (XJ 912 (XJ (XJ J22 (Xs

are the coefficients of the first fundamental form

gll dX f+ 2912 dxl dXZ + 922 dX 3 )

On the other hand, we have

N'gx1 =0 = I\le'gxl"'l\l'gxlx1 =0 = I\I'gxlxl :_le'gxl’

N'gxl =0 = I\Ixz 'gxl"'N'gxlx2 =0 = N'gxlx2 :_Nxz "Ox,
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and analogically

N-gX2:03 I\Ixz'gxz""\l'gxzxz:0:> N'gxzxzz_Nxz'gxzv
N-gxlz() = Nxz'gxl"'N'gxlx2 =0= N'gxlx2 :_Nxz'gxl-

The functions
G,=N- Ox s G,=G,,=N" Oyx. » G,,=N- Oy,
are the coefficients of the second fundamental form
G,, dx? +2G,, dx, dx, +G,, dx?.

The functions G,,, G,,, G,, have the form

G, = (a—l)-xf“z.(xg _1)
B e g g

_ (@ -1)-xg2 .(Xla _1)
Ry PR e

(-a)x' ™ x5

_ - 2\ ¥2°
X§ -[(xf“ 2 4 x3072 4 x2a 2)

Thanks to equations (6) we obtain

Gy1 =—311011 — 32012, or G2 =—811012 — 812022,

Gy =—851011 — 322012, Gpo = —a21012 — 82292

Equations (7) have the form

[Gll Gle — _(gll ngj_Lall a21j
GlZ G22 ng 922 alZ a‘22
(all a21J:_(g11 ngjl '(Gll GlZ]
a12 a22 ng 922 GlZ GZZ

(all anj: -1 ( 05, _912){@’11 GlzJ
a;, ay 911'922_9122 —0O5 O11 G12 Gzz
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or finally the form

which means

(7)

(8)
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From (8) we can obtain the real form of functions a,,, a,,, a,,, a,,:

a _Gy1:092 =G - 0pp a G292 =Gy - 010
11 = , Ay = :

9122 —011°-92 9122 —011 922
a  =Gy1-0912 +Gpp - 01g a =Gy - 0912 +Gyy - 913
12 — 2 1 22 — 2 '
J12 =011 - 922 J12 =011 - 922

Substituting into (5) we obtain

N =Gll'922—G12'912g + —G11-012+G12-911
X X
' O11- 922 — 012 ' O11- 922 — 012

Xy

N 2612'922_622'9129 + —612'912+Gzz'911g
X X X5 "
i O11- U022 — 952 l 2

O11- 922 — 072
The Weingarten map defined for regular surfaces S by the formula
W(vp)=-Ny,
where v, €T (S) and N is a unit normal defined in a neighborhood of a point pe S , and
N, is the derivative with respect to v, . So we have
W(gy ) =—N,, and W(g,,)=-N, .
The Gaussian curvature K equals the determinant det W which means the determinant

Gll 05, _GlZ 05, _Gll O, + GlZ 011

911'922_9122 911'922_9122
K =det .
GlZ 0, _Gzz 05 _G12 "0, t Gzz Oy
911'922_9122 011-92 _9122

So we have

_ Gll 'Gzz - G122

K 2
011° 92 — 012

The mean curvature equals the trace of the matrix
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G11 "0, — GlZ "0y, B Gn "0, GlZ U1
01102 _9122 011° 92 _9122

G12 "0 _Gzz 012 _Glz 012 +Gzz U1
01192 _9122 01192 _9122

The detailed calculation gives

(& =0 x{ 7 X572 (4" -5 ~D)— (@~ 1)* x{** x5

a[XZa 2 _'_X%a 2+X§a 2]

[X12a 2 +X§a 2+X§a 2]

X32a 2

(@D xF 2 xg 2 x —x§ +x{xg —x{x§]

XZa[XZa 2 %a 2 ga 2]

[XZa 2+X§a -2 +X§a 2]

Xga 2

_@=D2x TGS (@ =D (aXaXg) T

[X2a 2 +X§a 2 +X§a 2]2 (X2a 2 +X§a 2 +X§a 2)2

Further we have

_ Gll 02 _2612 01, +Gzz O ]
2(911 O, — 9122)

In case of special surfaces (1) we obtain

(H 2‘“J(l )X P U-x5) |, (a-)xE P x5 (1+ 2“ja @) x§? - x{)
H=

X%a—Z X32a—1 X?é)la -3 X32a—2 X32’a—1
+
3/2 3/2
2002 200-2 2002 200-2 2002 200-2
5 X1 + Xs + X3 9 X1 + Xs + X3
202 2002
X3 X3

The formula for H is

1
X3

2[X2a -2 +X§a 2 205—2]3/2

where

A= (XZa 2 n X%a Z)Xa72 (1_ Xg) _ 2X2a72xga72 n (X§a72 + X2a72)xa72 (1_ Xf{) _

_X32)a2 a2(xl +X3)+X2a2 aZ(l X2 _X1)+X2a2 aZ(l Xl —X2)+X2a2 aZ(l Xl)
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We have

A-a) — A=1-a)[X§ X 2O +X§) + X7 2XE 2 (xS + %) + x5 2xE 2 (x5 + %)),

X3
The formula for Mean curvature can be written in the form
(- )|0axo) O + X5 + (o %)

20—2 202 202
2 (x1 + X577 + X3

(X +XE) + (xyx3)“ 2 (6 +x§)]

H )3/2

Conclusion

Gaussian and mean curvatures of special surface (1) are

(a0 —D (XX %5)* 2

K=
(X120l—2 +X§a—2 +X32a—2)2

and

L @[00x) T O 4 x8) + 000Xe) "2 (5 +X8) + ) 2 0 + x|

2a0-2  J2a-2 . J2a-2 )2
2(x1 + X577+ X3 )3
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