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REGULAR PARAMETRIC SURFACES IN R®

Milos Karnka

Abstract

The principal objects of this paper are regular parametrical surfaces in R®. The method we

are going to use is based on Weingarten mapping. We are going to suppose that the mapping
x:U —R?, where (uv)eU cR? and x(u,v) e R?, is regular. Symbols x, and x, are used in
this paper instead of o,x, d,x etc. These vectors form the basis of tangent space T, ,M (see
Fig.1). On T,(M) we can construct moving frame (x,, %, %, x %,/). Vectors x, and x, are

. . : Xy X X, -
tangent vector fields of T,(M), x, x x, = n isanormal vector field and N = 41— s

u \
s > x|
a unit normal vector field.
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Gaussian and Mean curvature
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Introduction

Let U — R? is an open neighborhood of a point (u,v) €U and x:U — R® is a regular map
(which means that the rank of Jacobian matrix J(x)(u,v) = 2). A subset M = R® is called a
regular two dimensional surface in R® if for each point x =x(u,v) there exist an open
neighborhood V of x(u,v)eR® and the map x:U c R®> M NV of an open subset

U < R? onto M NV is such that
1. x isadifferentiable homeomorphism,

2. the differential dx,: T,(U)—> Ty)(M) is injective forall geU .
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Fig. 1

(CAY]

1 Structural equations

Let U is an open neighborhood of the point (u,v)ER2 and x:U —R®a regular map.
Let x(U)=Mn V cR®, where V is a neighborhood of the point x(u,Vv).
T,(M) is the tangent plane to the surface M at the point x =x(u,v). Tangent vectors X,

and x, generate vector space T, (M) (see Fig. 1).

be a unit normal of the surface M . So we have

Let N= Ju v
vl

xy <x
N-x,=0, N-x,=0, N-N=L1 (1)
From (1) follows that N, e T,(M) and N, €T, (M).

Remark 1. The first fundamental form of the surface is:

F (W, W, )=w, -w,, where vectors w;,w,eT,(M)
In case w, =w, =w, we have

F(w,w)=w-w, where vector weT,(M)
F.(w,w)=(ax, +bx, )-(ax, +bx, )= a’g,, + 2abg,, +b’g,,,

where O =X, Xn Q=X Xy O =X, X,.

The first fundamental form can be written in the matrix form
a
Fl(v,v) — (a, b).(gll 912]'[ ]
J21 922 b
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and can be represented by the matrix

2

Definition. Let M be a regular surface in R

91
91

P
92

|

% and let N be a unit normal defined in certain

neighborhood of the point x € M . Weingarten mapping is a linear mapping defined by the

formula

W(V)Z_st

where N, €T,(M) and N, is the derivative of N in the direction v.

From the previous definition follows
W(u)=-N,
So we have
W(Xu)' Xy =—Ny Xy,

and W(v)=—N,.

W(Xu)'xv =_Nu Xy

2)
W(Xv)'xu:_Nv'Xu’ W(Xv)'XVZ_Nv'Xv-
Formula (1) gives
(N-xy), =Ny %, +N-xy, =0,
(N-x,), =Ny -x,+N-x,, =0, ‘)
(N-x), =Ny %, +N-x, =0,
(N-x,), = Ny, +N-x, =0.
From (3) follows
N-x, ==N, X, =W(X,)-X,,
and
N X, ==N,-x, =W(x,)- X,
which means
W (X, )X, =W (X)X, (4)
As x, and x, is the basis of T,(M) we have
_Nu :ailxu +a12Xv’ (5)
_Nv :a21xu +a22Xv'
From (2) and (3) follows
Ly = W(Xu)' Xy = =Ny Xy, =8&91- 911+ 32 O12,
Lip = W(Xu)' Xy = =Ny X, =a31- 012 + &2 922, (6)
Loy =W(x,) %, = =Ny - X, = 81 G171 + a9y - Gy2,
Ly, :W(Xv)' Xy = =Ny =X, = a1 912 + a2 922,
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where L, =W (x,)-X,, L,=W(x,)-X,, L;=W(x,)-x, and L, =W(X,)-X,.
The equation (4) gives L, =L,,.

The equation (6) can be written in the form

[Lll HZJ:(all alZJ.(gll ngJ

LiZ L22 aZl a22 ng gZZ

If we denote L =(L“ Lﬂj, A =(a“ a“j and G :(g“ glzj,we obtain
L12 L22 a21 a22 ng gZZ

L=A-G or L -G1'=A, (7)

where

. 1 ( 92 —912).
0119, 9, \ 70 Ou
Remark 2. The second fundamental form of surface is
F, (W, W,) =W (w,)-w,, where vectors w,,w, T,(M),
F, (w,w) =W (w)-w=W (ax, +bx,)-(ax, +bx, ).
Thanks to linearity of W we have
F,(u,u)=(aw(x,)+bw(x,))- (ax, + bx, )=
=a’W(x,)-x, +abW(x,)-x, +abW(x,)-x, +bW(x,)-x, =
=a’(=N,-x,)+ab(-=N, -x,)+ab(-=N, -x,)+b*(=N,-x,).
So we have
F,(u,v) = a’W(x,)- x, +2abW(x, )- x, +bW(x,)- x, = a’L,, + 2abL,, +b’L,, .

The second fundamental form can be expressed in matrix form

soa=eo{ (7]

The second fundamental form can be represented by the matrix

FZ:(LH Lﬂj_
L, Ly
The equation (7) gives

[ail alz]: 1 (Ln HzJ( J2, _912)
Ay Ay 911922_9122 I-12 L22 — 01 O11

After a short calculation we obtain
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a, = L1920 — Lip01o a, = — L1912 + Lo

011922 — O 911922 — 91> ®)
2y, = L2922 = Lpo0ip 8y, = — L2912 + Loo01; .

911922 — 972 911922 - 91

From equations (8) follows, that Weingarten mapping can be represented by the matrix
W - (au auj
a‘21 a22

H :ltr W = 1 L1922 = 2L15910 + Lyo0iy
2
2 2 911922 — 912

Mean curvature is

and Gaussian curvature is

2
K :det W _ LIILZZ_LIZ _ det F2

01102, — 0, detF .

Example 1. Local parameterization of sphere S is
x(u,v) — (rcosvecosu,rcosvsinu,rsinv) where (u,v)e(0,27)x (—%,%) :

The tangent vectors x, and x, are

X, = (= rcosvsinu,rcosvcosu,0)=rcosv(-sinu,cosu, 0),
X, = (=rsinvcosu,—rsinvsinu,rcosv)= r(-sinvcosu,~sinvsinu,cosv),
n=r?(cosucosv,sinucosv,sinv)

and the unit normal

N = (cos u cos v, sin u cos v, sin v).

We have
N, =(~sinucosv,cosucosv,0),
N, = (—cosusinv,—sinusinv,cosvV).

From (6) follows
=Ny Xy =a;-09;; +a5 02, %)

=Ny X, =792 + 35 922,

=Ny - Xy =891 +a - 092, (10)

=Ny - X, =a; - 912 + - 922,
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Substituting into (9) we obtain
N, - %, = (~sinucos v, cos ucosv,0)- (- rcosvsinu, rcosvcosu,0) = rcos” v
and
2., 2 e 2 - . . . _ 2 o2
rcos?v =a,,r? cos?v+a,,r? cosv(sinvsinucosu —sinvsinucosu)=a,,r? cos?v,
N, - %, =rcos®v, x,-% =0,
N 0 2
Xy =0=a,-0+a,-r°,
from which follows a,, =0. So we have

1
rcos’v =a;r’cos’v = a;, = —.
r

Further we have
N,-x,=0 and N,-x, =r.
From (10) and from the equations
N, X, =0, X, -X, =r?
0=a,,-r-cos’v+a,,-0,

r=a,-0 +a,, I’

follows a,, =0 and a,, =% :
Weingarten mapping W(xu) =—-0,N and W (xv) =—-0,N can be represented by the matrix
1
e 0
W = [_am _anJ _ r .
—8y Ay 0 1

2

For the Gaussian curvature K=detW and Mean curvature H:%trw ., we have K:i as
r

was given in (3) and H= —l.
r
Example 2. Torus T2 < R*: Local parameterization of the torus in R? is given by the map

x(u,v) =((a+bcosv)cosu,(a+bcosv)sinu,bsinv),

where a>b>0, u € (0,27 >and ve (0,27 >.

The moving frame has the form
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(a+bcosv)-(—sinu,cosu,0),
b(~sinvcosu,~sinvsinu,cosv),
= (cosucosv,sinucosv,sinv).

XU

XV

N is unit normal,
—N, = (sinucosv,—cosu cosv,0),
N, =b(cosusinv,sinvsinu,—cosv).
Substituting into (9) we obtain
-N,-x, =(a+ bcosv)[—sin2 ucosV — cos” ucosv] =—(a+bcosv)cosv
—N, X, =0=a,-0+a, -bz[sinzvcos2 u+sin2vsin2u+coszv]:a12 -b*,
which means that a,, = 0. Further we have
—N, -X, =b? |- cos? usin?v—sin?vsin?u—cos?v|=—b? .

Substituting into (9) we obtain

—(a+bcosv)cosv =a,,(a+bcosv) +a,,(a+bcosv)-b-[sinvsinucosu —sinvsinucosul]
—b=a,(a+bcosv)-[sinvsinucosu—sinvsinucosu]

+a,,b2[sin>vcos? u+sin® vsin® u +cos v

Previous equations give
cosv =a, (a+bcosv),
-b=a,b?

COosVv

from which follows a,, =— ———
a+bhcosv

a,=0 and a, = —%. Analogically

N, -x, =—(a+bcosv)—sinucosusinv+cosusinusinv+0)=0,
-N,-x, =0,
N, - X, =b(-cosusinvsinvcosu —sin®usin®v—cos® V),
N, - x, =—h.
Substituting into (10) we obtain

0=a,,(a+bcosv)’ +a,,(a+bcosv)-(sinucosusinv—sinucosusinv)= a,, =0,
~b=a,b(a+bcosv)sinucosusinv—sinucosusinv)+

. i . 1
+ azzbz(sm2 vcos® u+sin?vsin? u+cos? v):> 8=~

Weingarten map can be represented by the matrix
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W - ( 3y au]
aZl a22

which can be written in the form

__ Cosv
W = a+hbcosv L
0 =
b
) . cosv )
The Gaussian curvature is K=detW = ——————— and Mean curvature H is
b(a+bcosv)
1 1 cosV 1 1| bcosv+a+hbcosv a+2bcosv
H=-trW=-Z| ——+-|=-= =— .
2 2la+bcosv b 2|  Db(a+bcosv) 2b(a+bcosv)

Example 3. Whitney umbrella:

Local parameterization of this surface is x(u,v)= (uv, u, v¥) . Moving frame has the form

x, =(v,1,0)
X, =(U,0, 2v),
n= (2v,—2v2,—u).
_ 2
The unit normal is N = [ v , v - u J
JUZ+ 42 +4v¢ JUP 442 +4v¢ Ju? +4v2 +4v°

From previous formula follows

—2uv 2uv? 4v? + 4v*
N = y ' 3|

(u2 +4v® +4v“)g (u2 +4v? +4v“)g (u2 +4v® +4v4)5

N = 2u® —8v* — 4u?v —8v® 4uv + 8uv’
v 3 3 3|
(u2+4v2+4v4)5 (u2+4v2+4v4)5 (u2+4v2+4v4)5
2V 2
N,-x,=0,-N,-x, = v XX, =VI+L X, X, =y,
Vu? +4v? +4v*
—N,-x, = 2v N, -X, = 2 X, X, =u’ +4v%

u 1 \' \" 1
Ju? +4v? +av* Ju? +4v? + av*
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From (9) follows

0= a“(v2 +1)+ a,, - uv,

2v =a,,-uv+a,(u®+4v?).
VU? +4v? +4v*

Using Cramer’s rule, we obtain

2
ve+1 uv
D= , , =U? +4v® + 4v*,
uv u“ +4v
0 uv o2
—-2uv
D, = 2v

Ju? +4v? +4v S N T

and
D —2uv?
%= - s
(u2 +4v? +4v“)2
2
D — vi+l 20v o 2v(vi+))
12 — - ’
v \/u2+4v2+4v4‘ \/U2+4V2+4V4
2v(vi +1
ap = ( ) 3
(u? +4v* +av*)?
Analogically we obtain
2V v
D. — Ju? +4v2 + 4v* _2v(2u® +4v?)
21— -

— 2u u2+4v4 \/U2+4V2+4V4 1
VU? +4v? +4v*

vZ+1 v
D — JuZ a2+ avt | 2u(d+2v)
22 — - y
uv 2u \/U2 +4V2 +4V4

Y +4v4‘

and consequentially we have
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_D, _ —2u(1+ 2v2)

3
(u2 +4Av7 + 4v“)2
Finally, the matrix represented Weingarten map has the form
2uv? 2v(v® +1)

(u2 +4v? +4v4)g (u2 +4v? +4v4)2

4v(u2 +2v2) —2u(1+ 2v2)
(u2 +4v? +4v“)2 (u2 +4v? +4v4)§

. —4v? )
Gaussian curvature K =detW = —; 5 +— and the formula for Mean curvature is
(u” +4v° +4v°)

u + 3uv?

H:EtrW = —
2

(u2 +4v? +4v4):23 |

Example 4. Hyperbolical paraboloid.

Local parametrization of this surface is x(u,v) = (u,v,uv) and moving frame has the form

x,=(10,v), x,=(0,Lu), n=(-v,—ul), N =

Il

N :( -V -u 1 j
Vi+u? +v2 Vi+u? +v2 Vi+u? +v2
The Weingarten map gives
N, €T, (M)and N, T, (M),
where
(—uv,1+v2,u)

(1+u2+v2)2

(1+ uz,—uv,v)
' (1+u2+v2)2

From (5) follows
_Nu Xy = a11(1+V2) +a12(uv)1

=N, -X, = ay, (uv)+a, (1+u?).
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Further we have

The system of equations
0=ay,(1+V*)+ay,(uv),
1+u? +v2
s =a,(uv)+a, (1+0?).
(1+ u? +v2)2
Using the Cramer's rule we obtain

D= (1+V)(1+u®)—u*v’=1+u’+V?,

0
a,, = D, (l+u2 +V2)E uv
1=~ 2 2 == 30
D 1+u®+v (1+u2+v2)5
1+ V2 9 )
1+u‘ +v
det| v ;
8, - D, (1+u2 +v2)2 14V
2 - 2 2 - 3"
D 1+u” +v (1+u2+v2)5
Analogically
1+u? —uv v
-N,= 30 30 3 |

(1+u2 +v2)5 (1+u2 +v2)5 (1+u2 +v2)5

- Nv =y, X, +ayX,,
_Nv Xy =8y Xy o Xy 8y X, - Xy,

_Nv'xv:a21xu X, T8 X, 0 X,

2 2
l-I-U—+V3: a21(1+vz)+azz(uv)’
(1+u2 +v2)5

0=a, (uv)+a,,(1+u?).
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D= (1+V)([1+u?)—u?v?=1+u®+V?,

1+u® +v?
- w
det (1+u2 +v2)5
. 0 1+u’ 1+u’
21 = 2 .2 = 3
1+u” +v (1+u2+v2)5
1+u® +v?
I
& (+u? +v? )
uv 0 —uv
%z = 1+u’ +Vv? - 3"

(1+u2 +v2)5

So the Weingarten matrix W has the form

—uv 1+Vv°
" (1+0? +v2)g (1+u? +v2)g
1+u? —uv
(1+u2 +v2)2 (1+u2 +v2)2
Further we have
K=detw :m[uzvz—(lw2 +Vv? —uzvz)]:m,
and
H=lyw-——W -
(1+u2 +v2)5
Conclusion

Gauss and Mean curvature in studied surfaces are:

1 1
1. Sphere K=— and H= — —.
r r
> Toruske SOV 4 __ _a+2bcosv
b(a+bcosv) 2b(a+bcosv)
—4v? 2
3. Whitney umbrella K= ————— . and H=— u+3uv y

2 2 4 3
u +4V +4V (U2+4V2+4V4)2

—uv

4. Cobb-Douglas surface K= > and H= T -

(1+u?+v?) (L+u? +v2)?
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