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Abstract 

During the human life we can observe various fluctuations in mortality. Natural character of 

mortality begins to prevail at higher ages (approximately 60 years and higher). But especially 

at very high ages we can observe significant deviations in mortality. That is why it is 

important to smooth mortality curve for obtaining better results. Due to the aging population it 

is very important to have the best imagination about development of mortality at the highest 

ages.  

In this paper will be presented methodology which is used for modelling of the intensity of 

mortality by the Czech Statistical Office. These results will be compared with the 

methodology which use the modified Gompertz-Makeham function. The main contribution of 

this paper is the comparing of both mentioned methodologies and then the discussion about 

suitability of both methods.  

For own calculation will be used the data about mortality of population in the Czech Republic 

since 1960. Results will be published for the beginning of each decade.   

Key words:  mortality, moving averages, Gompertz-Makeham function, modified Gompertz-

Makeham function 
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Introduction  

Aging of population is very often discussed topic in these days. It means higher number of 

living in higher ages (Kannisto et al., 1994 or Thatcher et al., 1998). It is very important to 

know that mortality in higher ages (60+) is influenced by systematic and random errors (see 

Dotlačilová, 2013 or Dotlačilová et al., 2014). It is the reason for modeling of mortality 

(Dotlačilová, Langhamrová, 2014 or Gavrilov, Gavrilova, 2012). For modeling of mortality in 

this article will be used the Czech Statistical Office methodology (CZSO, 2016). For 
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comparison will be mentioned the other methodology which use the combination of the 

Gompertz-Makeham function and its modification.  

 

1 Methodology 

1.1 The Czech Statistical Office Methodology 

At first we have to calculate age-specific death rates as:  

x

x

x
S

M
m  ,          (1) 

where Mx is the number of deaths at complete age x and xS  is mid-year population at age x.  

The input characteristic for the calculation of mortality tables is probability of dying 

(qx). It is obtained by using mx (CZSO, 2016):   

xm

x eq


1 , pro x=1,2,…, ω-1,       (2) 

where ω is the lowest age at which nobody is alive. 

Probability of dying at age 0 will be calculated like: 

VN

M
q 0

0  ,           (3) 

where M0 is the number of deaths at complete age 0, N
V
 is the number of live births.   

The other step is about eliminating of random fluctuations by smoothing probabilities 

of dying: 

315/)](*30)(*45)(*90*105[ 332211   xxxxxxx

smoothed

x qqqqqqqq (4) 

where qx is empirical probability of dying at age x. 

Smoothing of probability of dying according to formula (4) is performed from 4 years. 

It means that the age 0 will not be included into calculations. 

After this it is need to calculate the input characteristic for the Gompertz-Makeham 

function (G-M function). It is natural logaritm of probability of surviving (px). The input 

values of probability of surviving (px) are obtained by using smoothed values of probability of 

dying (qx):  

)1ln(ln smoothed

x

smoothed

x qp          (5) 

Probability of dying will be derived from the G-M function at higher ages (due to 

small numbers of deaths and living at the highest ages): 

x

x cbap .ln           (6) 

a, b and c are unknown parameters of the G-M function. 
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The G-M function will be used for extrapolation of mortality curve approximately 

from age 80. 

For the estimation of unknown parameters of the G-M function will be used the King-

Hardy methodology. Calculation of initial estimates of parameters is based on three equation 

(R1, R2, R3). These are derived for three consecutive intervals of the same length (CZSO, 

2016). 
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where d is the length of age interval (d=8), x0 is age from which smoothing will be performed 

(x0=60). 

The unknown parameters of the G-M function characterizing the force of mortality 

will be calculated according to formulas: 
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Parameters of the G-M function are derived from initial estimating equations R1, R2, 

R3. That is why values of parameters will be negative.   

The obtained estimated parameters are substituted into the G-M function. According to 

this substitution we will obtained modeled values of probability of surviving for age 71x

like: 

).exp( x

x cbar           (11) 

After that it is important to find the age y for which deviation || x

smoothed

x rp   is 

minimal. From this age 
GM

xq  (12) will be used (it is unit supplement to rx). Transition to the 

extrapolated values is corrected by smoothing values for the age z = (y – 4),…,(y + 4) like:  
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Summary – input probability of dying used in mortality tables: 

 age 0 …………… infant mortality, 

 ages 1, 2, 3, …….. probability of dying derived from mx, 
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 ages from 4 to (y – 5)…smoothed probability of dying, 

 from (y – 4) to ω – 1 ….. probability of dying smoothed and extrapolated.  

Smoothed values of age-specific death rates will be obtained like: 

)1ln( xx qm            (13) 

 

1.2 Methodology for modeling of the intensity of mortality – combination of the 

Gompertz-Makeham function and its modification 

The first calculation in the second methodology is connected with calculation of age-specific 

death rates according to formula (1). The second step is smoothing of empirical death rates by 

different types of moving averages (Fiala, 2005 or Dotlačilová et al., 2014). 

At first will be used 3 values moving average:   

3

11
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After that will be used 9 values moving average: 
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where x<6; 29>. 

At the end 19 values moving average will be used: 
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for x <30; 59>. 

For age 1 and 2 the empirical values of age-specific death rates will be used. At the 

advanced ages is used the Gompertz–Makeham function (Gompertz, 1825, Makeham, 1860 or 

Ekonomov, Yarigin, 1989) or the modified Gompertz–Makeham function (mG–M) (23) (see 

Boleslawski, Tabeau, 2001, Burcin et al., 2010 or Lagerås, 2010): 

x

x bca  .           (17) 

For the estimation of unknown parameters of the G-M function will be used the King-

Hardy methodology. Calculation of initial estimates of parameters is based on three equation 

(G1, G2, and G3). 
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where k = 8 and x0 = 60. We can also express G1 by using the G-M function (e.g. Fiala, 2005): 
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In the same way, we could expressed G2 and G3. By subtracting and dividing of the 

individual equations we exclude two of three parameters and we get 
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The value of parameter c we get as k-(th) square root of the c
k
 

k kcc  .           (21) 

For the estimation of the initial values of parameters a and b we have to calculate the 

value of sub-expression of Kc as 
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and parameters b and a we obtain as 
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At the end calculated parameters a, b and c are substituted into the G-M function (17). 

For continuation of analysis, let us explain modified Gompertz-Makeham function (mG–M 

function) (see e.g. Burcin et al., 2010) as 

 1)(ln
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where x0 is age from which smoothing will be performed by the mG-M function, a, b and c 

are original parameters from the G-M function and γ is parameter from mG-M function.   

The last step is the calculation of the weighted squared deviations (WSD), through 

which we will optimize parameters of the G–M (respectively mG–M) function (Dotlačilová, 

Langharmrová, 2014 or Fiala, 2005) 
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where St,x is the number of living at age x in year t, St+1,x is the number of living at age x in 

year t+1, mx are age-specific death rates, mx
~(GM)

 are smoothed values of age-specific death 

rates obtained by using G–M or mG–M function, y is the highest age for which we have a 

non-zero value of mx. When we optimize parameters using by OLS, it is necessary to create 

two instrumental sums (S1 for the Gompertz-Makeham function and S2 for its modification). 
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2 Results 

The next part will be dedicated to the presentation of obtaining results according to 

both methodologies. For own calculations was used the data about mortality of males and 

females in the Czech Republic since 1960. Results will be published only for the years at the 

beginning (resp. at the end) of each decade.  

 

Fig. 1: Smoothed values of mortality – CZSO methodology and methodology use for 

modeling of the intensity of mortality (combination of the Gompertz-Makeham function 

and its modification – the Czech Republic, males 
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Source: data The Human Mortality Database (HMD, 2014), author’s calculations  

For each beginning of every decade we find out that second smoothing methodology 

using the combination of the Gompertz-Makeham function and its modification provides 

lower values (in comparison with CZSO methodology). On the other hand it is visible 

different evolution in both curves of mortality. At the beginning of reporting period empirical 

mortality reaches higher values. It is possible to say that CZSO methodology is more suitable. 

Towards to the present the second methodology could be better.      

 

Fig. 2: Smoothed values of mortality – CZSO methodology and methodology use for 

modeling of the intensity of mortality (combination of the Gompertz-Makeham function 

and its modification – the Czech Republic, females 
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Source: data The Human Mortality Database (HMD, 2014), author’s calculations  

We can make similar conclusion for females’ population – CZSO methodology 

provides higher values of mortality (in comparison with the second one). On the other hand it 

is possible to say that CZSO methodology is more suitable at the beginning of the period. But 

to the present mothodology using combination of the Gompertz-Makeham function and its 

modification is better. It is visible especially from the last figur efor 2010. 

 

Conclusion 

During the comparison of both mentioned methodologies used for modelling of the intensity 

of mortality we find out that the second one provides lower values (in comparison with CZSO 

methodology). It is caused by including the modified Gompertz-Makeham function into the 

calculation. Modified Gompertz-Makeham function is based on decrease in increase of 

mortality with an increasing age. It causes lower increase in mortality in higher ages.    

0,0

0,5

1,0

1,5

2,0

2,5

3,0

3,5

4,0

60 65 70 75 80 85 90 95 100 105 110 115

1980 

mx-empirical

mx-CZSO

mx-combination of GM and mGM function

0,0

0,5

1,0

1,5

2,0

2,5

3,0

60 65 70 75 80 85 90 95 100 105 110 115

1990 

mx-empirical

mx-CZSO

mx-combination of GM and mGM function

0,0

0,5

1,0

1,5

2,0

2,5

3,0

3,5

60 65 70 75 80 85 90 95 100 105 110 115

2000 

mx-empirical

mx-CZSO

mx-combination of GM and mGM function

0,0

0,5

1,0

1,5

2,0

2,5

3,0

3,5

4,0

60 65 70 75 80 85 90 95 100 105 110 115

2010 

mx-empirical

mx-CZSO

mx-combination of GM and mGM function



The 10
th

 International Days of Statistics and Economics, Prague, September 8-10, 2016 

390 
 

For both populations it is noticeable that the second methodology is more suitable 

towards to the present. This conclusion corresponds with the assumption of decreasing 

mortality at higher ages.  

We can make a conclusion that for the modeling of the intensity of mortality in the 

Czech Republic is better to use combination of the Gompertz-Makeham function and its 

modification in these days. 
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