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USING REGRESSION SPLINES FOR MORTALITY FUNCTION 

SMOOTHING 

Vlastimil Farkašovský – Emília Zimková 

Abstract 

As Slovak population ages, the study of mortality patterns and future mortality forecasts and 

their impact on the social welfare have become an important research issue. In the 

contribution we propose regression splines to smooth the mortality function of the Slovak 

citizens. Specifically, we use B-splines and P-splines to solve the problem with variability of 

the highest age cohorts in situation when there exist insufficient number of historical 

observations. In the contribution, the Slovak historical mortality data clustered according to 

age and sex for period 1950-2012 are employed. The results reveal considerable improvement 

in comparison to the results of previously used techniques. Monotonous limitation ensured 

non-decreasing course of the mortality function, and despite of the low number of 

observations in the age group 80 and older the results the results do not lead to a decline in 

observed mortality rate. The gained research results are useful in further modelling of 

demographic development. 
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Introduction 

The transition from a pension security system stipulated by the state to a system of pension 

insurance collectively referred to as the Slovak pension reform belongs to the most important 

social changes in the modern history of Slovakia. The main impulse for this change were 

projections of demographic development which due to the population aging pointed to the 

long-term fiscal unsustainability of the pension system. The Slovak Republic based on these 

forecasts would overcome one of the biggest demographic shocks among the countries of the 

European Union. The phenomenon of population aging thus represents one of the greatest 

challenges of the current research in the area of long-term stability and sustainability of the 
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public finance. The study of mortality patterns and future mortality forecasts as an important 

chain of the demographic development is therefore essential.  

The demographic development can be examined using several models forecasting future 

demographic trends. Given the importance of forecasting demographic development within 

these models is necessary to use as precise data characterizing the present demographic 

development as possible. However, in countries with smaller population, such as the Slovak 

Republic, given the lack of historical observations in higher age groups, the high variability of 

mortality occurs. This high volatility which do not reflect the real demographic development 

for these age groups and may distort further forecasts. 

The ambition of this paper is therefore to bring the possibilities for smoothing of 

mortality function and application of the method of regression splines on the dataset of the 

Slovak Republic. These smoothed mortality functions can be then used in the models of 

demographic development since due to lower variability they provide better forecasts of 

future development. The paper is structured into 4 sections, the first of which is introductory 

and the last section is a conclusion.  The introductory part contains a brief description of a 

motivation to smoothe mortality function in Slovakia by regression splines. The second part 

of the paper is devoted to the methodology. The third section brings results and discussion. 

Finally, the paper includes concluding remarks.   

 

1 Methodology: smoothing mortality function 

In this part of the paper we will present the possibilities for smoothing of mortality function. 

The paper draws data on the number of deaths and the number of people living in the Slovak 

Republic from the database of Stanford University (Human Mortality Database) since 1950 

till 2012. Software R was used for smoothing.  

The development of mortality is as we have already mentioned one of the main factors 

in predicting future demographic development of the population. Since the development of 

mortality reveals especially in the last age cohorts, due to insufficient number of observations, 

high degree of variability, we will show in this part the possibilities for mortality function 

smoothing.  

Smoothing creates approximation function, which preserves important patterns of the 

dataset and at the same time eliminates the noise caused by, for example, lower number of 

observations in the higher age groups.  
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Overview of the models of mortality function estimation in higher age groups is shown 

in the following table: 

 

Tab. 1: An overview of models of mortality function estimation in age group >85 years 

Model name Model Type of model 
Model 

parameters 

Gompertz-Makeham 

function 
 exponential a, b, c 

Heligman-Pollard model 
 

logistic a, b 

Thatcher model 
 

where 

 

logistic α, β, γ 

Kannist model 
 

logistic α, β 

Coale-Kisker model  linear a, b, c 

Source: Dotlačilová, Langhamrová (2014, p. 72) 

 

Another option for smoothing of mortality function is the use of smoothing with the 

help of weighted correlation diagrams (scatterplots). This procedure can be found in the work 

of, for example, Cleveland (1979).  

 A prominent method used for smoothing of mortality function gradually became 

smoothing methods using regression splines. Such approach can be found in the work of 

Hyndman (2013), who states that his model among other things uses weighted approach and 

limitations of regression splines in predicting smoothing function ft(x).  

Weighted approach treats possible heterogeneity and monotonous limitations
1
 for higher age 

groups lead to better predictions. 

 Splines belong to the group of interpolation techniques while they fit each element of 

the dataset into smoothed continuous function consisting of a set of polynomials. When 

constructing the P-splines we use as a basis for regression B-splines and then we modify the 

                                                 
1
 Limitations providing at a given interval monotonous course of the function. This case concerns limitations, 

which ensure that the function at a given interval (for age groups above 65 years) is non-decreasing since with 

increasing age the likelihood of death should not decrease. 



The 10
th

 International Days of Statistics and Economics, Prague, September 8-10, 2016 

 

 443 

value of log-likelihood by penalizing the regression coefficient with the aim to maximize 

them. B-spline is defined recursively:  
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Where B stands for B-spline, x is a smoothed variable (log mortality), k represents 

non-negative integer, t denotes vector (non-decreasing sequence of real numbers, where t ≥ 

k+2) and i represents a spline order. 

 

As we can see from the equation, in order to construct B-splines are crucial nodes, 

where holds (x=tj). The number of internal nodes is equal to the degree of polynomial of B-

spline.  

Subsequently, to construct P-splines we use Eilers-Marx (1996) penalization based on 

finite differentials. It is based on the original idea of O´Sullivana (1986) and its functional 

form can be written as follows: 
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 Where λ is a smoothing parameter, S(x) represents a spline function, and â  is 

a prediction of parameter α. 

As stated by Becker et al. (2009) penalization of B-splines in this way ensures that the 

coefficient of individual adjacent splines differs minimally.  

There are several advantages of the use of P-splines for smoothing of mortality 

function. Bourbeau and Ouellette (2011) state in particular the fact that P-splines contain good 

features of many other smoothing techniques mentioned above. Unlike other smoothing 

techniques P-splines provide quality smoothing even for final values since they do not contain 

any effects at the end of a time series, which ensures quality smoothing even for higher age 

groups, whose problems were mentioned in previous text. Also, they work well in case the 

data misses some values. P-splines also retain moments (averages and variances).  
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2 Empirical results and discussion 

Mortality tables constructed with the help of smoothing function thus thanks to lower 

variability provide better predictions of future mortality.  

Figure 1 depicts real observed mortality rate in the Slovak Republic since 1950 till 

2012. Individual figures show exponential course of the mortality function throughout the 

years and high variability at higher age groups, where we often record lack of observations, or 

more precisely, their absence. This mainly concerns age group 90 and older.  

 The three-dimensional figure 1 depicts the development of mortality rate in Slovakia 

for age cohorts 0 to 110 year old men, for the period 1950-2012. When examining particular 

age cohort, for example, 25 years old men for period 1950-2012, we observe reduction of 

mortality rate due to improving health care in Slovakia and other factors which may include 

increasing education, improved environment and so forth. At the same time, with increasing 

age of statistical unit, the rate of mortality naturally increases. In figure 1 we can observe that 

the mortality rate increases exponentially from the 50+ age cohorts, but figure 1 does not 

depict appropriately the mortality rate in the most monitored, i.e. economically active age 

groups. Figure 1 also confirms high variability of data on population mortality over the age of 

90.     

 

Fig. 1: Mortality rate in the Slovak Republic for period 1950 - 2012 – men aged 0-110 



The 10
th

 International Days of Statistics and Economics, Prague, September 8-10, 2016 

 

 445 

 

Source: the authors. 

 

 Figure 2 depicts log-transformed data that give us ability to better observe and analyze 

development of mortality rate in the Slovak Republic since 1950 till 2012 for key age groups. 

Logarithm shape of mortality function is also used across the spectrum of smoothing and 

prediction methods of other authors such as Lee-Carter (1993), Hyndman, Ullah (2007), 

Hyndman (2013), Hatzopoulos, Haberman (2011), Cairns, Black, Dowd et al. (2010) and 

many others.  

 

 In the figure we can clearly observe high rate of infant mortality
2
 especially among the 

oldest observations around year 1950 and a relatively sharp decline towards year 2012. Child 

mortality
3
 unlike infant mortality reaches significantly lower values, however, also in the 

observed period it considerably decreases. In male population significantly increases mortality 

rate in age cohorts 15-22 years. Conversely, mortality from about the fortieth year stays at 

stable values.  

                                                 
2
 Infant mortality = mortality in the first year of age 

3
 Child mortality = mortality between the first and fourth year of age 
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 The visualization of log-transformed data allowed to observe high variability of 

mortality development of age cohorts, while with increasing age, the number of observed 

statistical units decreases and thus variability increases.  

 

Fig. 2: Logarithmic mortality rate in the Slovak Republic for period 1950 - 2012 – men 

aged 0-110 

 

 

 

Source: the authors. 
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Fig. 3: Smoothed logarithmic mortality rate in the Slovak Republic for period 1950 - 

2012 – men aged 0-110 

 

 

Source: the authors. 

 

In figure 3 we observe smoothed course of the mortality function of men in the Slovak 

Republic, while all important data of the dataset about mortality of infants, children, young 

men, middle-aged men and those aged over 65 years were retained and at the same time noise 

caused by lower number of observations in higher age groups, more precisely, their absence, 

was eliminated. Monotonous limitation ensured non-decreasing course of the mortality 

function, and despite of  the low number of observations in the age group 80 and older the 

results do not lead to a decline in observed mortality rate.  
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Conclusion 

The aim of the paper was to smooth mortality function in the Slovak Republic for one-

year age cohorts of male population of the Slovak Republic between 1950-2012 using the 

latest statistical techniques in the form of regression splines, which compared to previously 

used techniques better treat terminal data of the statistical series. In addition, the aim of the 

paper was to find a technique, which would ensure non-decreasing course of the mortality 

function with increasing age of the statistical units. The paper used untreated as well as log-

transformed dataset and proposed possibilities for mortality function smoothing using 

regression splines. In the last part we smoothed the mortality function for one-year age 

cohorts and period 1950-2012 in the Slovak Republic. For smoothing we used method of 

regression P-splines, which are based on B-splines, to which we applied monotonous 

limitation and penalization maximizing log-likelihood. The use of regression splines 

compared to previous methods of smoothing appropriately treats smoothing of terminal data 

of time series, despite the fact that statistical units gradually decrease and the variability of 

time series increases. Our research on men in the Slovak Republic confirmed increased 

mortality of infants, men aged 15-22 years and stabilization of growth course of mortality 

function for men over 40 years. Monotonous limitation ensured non-decreasing course of the 

mortality function, and despite of  the low number of observations in the age group 80 and 

older the results do not lead to a decline in observed mortality rate.  

 The research results are useful in further modelling of demographic development, 

while demographic models constructed with smoothed data can be further applied also for 

examining long-term sustainability and stability of the pension system for example in the 

form of variant demographic scenarios to build the model of overlapping generations (OLG –

Overlapping Generations Model), or other models of general equilibrium (DSGE Models – 

Dynamic Stochastic General Equilibrium Models). 
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