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Abstract 

The fertility of women in the Czech Republic underwent significant changes after the change 

of political regime in the 1990s. First, there was a decline in fertility in the 1990s and in the 

turn of the millennium. Subsequently, in recent years fertility has started to increase again 

a little. Women, however, acquire children at a higher age than in the past. The aim of the 

paper is to carry out projections of age-specific fertility rates using various statistical models 

to indicate possible future development of these rates. Thanks to this projection it is possible 

to observe whether current trends would manifest themselves, for example, in further 

postponement of fertility to older age or in further improvement of the overall fertility level. 

Both parametric and non-parametric models can be used for these statistical projections. The 

results show that projections vary greatly according to by which model age - specific fertility 

rates are estimated, depending on how flexible each model is and which recent changes it 

takes most into account. Thus, in the case of the Czech Republic and its irregular development 

of age-specific fertility rates, these models may rather serve only as a basis for demographers 

in compiling population forecasts. 
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Introduction 

As a result of the second demographic transition, which began in the 1990s after the change of 

political regime, fertility began to decline. At the same time, women postpone reproduction to 

older age (Van de Kaa, 2002). 

Of course, bigger attention should be paid to its analysis in response to reduced fertility. The 

aim of the article is to analyse fertility in the Czech Republic from the perspective of modern 

statistical approaches using Rstudio, which are currently increasingly used abroad and there is 
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a paucity of literature about using similar models on datasets of Czech Republic. One such 

approach is the Quadratic Spline model (Schmertmann, 2003). Next is the Functional 

demographic model (Hyndman, Ullah, 2007). Both models introduced in this paper has been 

calculated on the latest available data. Based on this analysis, both models can then be used to 

estimate possible future development. 

Functional demographic model is based on the Lee-Carter model, which has been already 

slightly more publicly appreciated in the Czech Republic. For example, there can be found a 

literature about using Lee-Carter model for a projection purposes and comparison of results 

with Eurostat's expert estimates (Šimpach, 2015). 

The paper first describes briefly the methodology. Subsequently, it describes the development 

of specific fertility rates after the Velvet Revolution, which is followed by projection in the 

last part of this paper. 

 

1 Methodology 

In this chapter the basic terms used in the analytical part will be described in three 

subchapters. The first subchapter gives a brief explanation of what specific fertility rates are 

and why they are used. The second subchapter deals with the Quadratic Spline model and the 

last subchapter is focused on the calculation of the Functional demographic model.  

1.1 Calculation of age specific fertility rates and total fertility rate 

Fertility of women varies based on age. For a country at the level of demographic 

development such as the Czech Republic, for example, a woman of 30 years of age will 

logically have a higher fertility rate than a woman of 15 years of age and so on. 
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xtN ,  – number of live births to women in age group x in a given year t, 

xtF ,  – number of women in age group x in a given year t. 

The calculation of age specific fertility rates is done only for women in the reproductive 

period, since for others it would logically be zero. The fact that fertility varies according to 

age is important for example for population projections and in other demographic analyses 

(Roubíček, 1997). 
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Age specific fertility rates can be used to calculate an important and frequently used indicator 

of total fertility rate, 

,
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which gives a hypothetical total number of children, that would be born to a woman during 

her reproductive period assuming no change in fertility levels and zero mortality during that 

period (Langramrová, Šimpach, 2013). 

1.2 Quadratic Spline model 

This subchapter deals with a brief (see Schmertmann, 2003) methodology of the Quadratic 

Spline model, which is based on the fact that the curve of age specific fertility rates for all 

ages of a woman's reproductive period is possible to approximate only on the basis of several 

values. These values are called parameters and, after approximation by means of regression 

splines, determine the remaining values (Schmertmann, 2003). 

These model parameters are defined as 

α, is the lowest age at which the specific fertility rate is not zero, 

P, is the age at which the specific fertility rate is highest, 

R, is the value at which the specific fertility rate at age P is found, 

H, is the youngest age after P, when the age specific fertility rate drops to half the highest 

value found at the age of P. 

It is necessary to add to the parameters that after their initial estimation it is appropriate to 

further refine them by using iterations minimizing the square error on the whole curve 

(Schmertmann, 2003). 

If there is need to use only parameters mentioned above, you also need to determine knot 

positions from the index ages to draw a curve using quadratic splines. 

1) Knot 0 is found at the earliest age at which the specific fertility rate is not zero, 

,0 =t   (3) 

where t is the knot designation, 

2) knot 1 is between ages α and P, 

,)1(1 WPWt +−=     (4) 

where, 

 )(025.025.0;75.0min −+= PW   (5) 

3) knot 2 is at the age of P when the specific fertility rate is highest, 
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,2 Pt =   (6) 

4) knot 3 is exactly in the middle between ages P and H, 

,2/)(3 HPt +=   (7) 

5) knot 4 is exactly in the middle between age H and age β when reproduction is stopped and 

the specific fertility rate is for the first time since the age α minus one zero, 

,2/)(4 += Ht     (8) 

6) reproduction ends at the age of β, ie most often at the age of fifty. 

In the case of modeling age specific fertility rates, these knots should, in most cases, provide a 

meaningful way of carrying out the required analysis using the above mentioned parameters 

for countries at different stages of demographic development (Schmertmann, 2003). 

The model is often used to distribute age specific fertility rates across age when five-year age 

intervals are used as source data (Schmertmann, 2003). It can also be used for projection of 

future specific fertility rates, using estimation of time series of development of individual 

parameters (Lipps, Betz, 2004). 

Of course, because of addiction to the position of knots the Quadratic Spline model may not 

be flexible enough in some cases. For example, in the USA, the shape of the specific fertility 

rates curve is changing which is the Quadratic Spline model unable to capture. This is because 

higher specific fertility rates occur at an early age (Peristera, Kostaki, 2007). 

On the other hand, at the cost of less flexibility, the model is much better usable for 

projections than some of similar non-parametric models (De Beer, 2011).  

1.3 Functional demographic model 

In this section is described, a method for calculating Functional demographic model, for 

capacity reasons again only in brief (see Hyndman, Ullah, 2007). This model treats data as 

functional. Estimation and forecast are robust to outliers. Unlike other models it use more 

than one principal component and use nonparametric smoothing. 

It is based on functional time series {xi, yt(xi)}, t = 1, . . . , n, i = 1, . . . , p, 

where 

 ,)ε(x) + σ(xf)(xy t,iititit  =   (9) 

where  

yt(x) is the log of the observed fertility rate, 

{x1, . . . , xp} are single years of age, 

yt(x) are forecasted for x ∈ [x1, xp] and t = n + 1, . . . , n + h. 
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εt,i is an iid standard normal random variable (Hyndman, Ullah, 2007). 

Variance for fertility can be calculated using the formula, 

where 

(x),(x)pM(x) p   (x) σ
-

t

-

ttt

112
][1000 −   (10) 

where 

pt(x) is the observed fertility rate for females of age x in year t, 

Mt(x) is the female population of age x at 30 June in the year t (Hyndman, Ullah, 2007). 

Curve of ft(x) is for each t and x ∈ [x1, xp] from {xi, yt(xi)}, i = 1, 2, . . . , p smoothed by 

nonparametric smoothing. This curve is decomposed via a basis function, 

where 


=

++=
K

k

tkt,kt (x) e(x)  φβx)  μ(x) f
1

(   (11) 

where 

μ(x) is a measure of location of ft(x),  

{ϕk (x)} is a set of orthonormal basis functions, 

et(x) ∼ N(0, v(x)).  

For forecast of future age specific fertility rates there is need to forecast at first βt,k for 

k = 1, . . . ,K and t = n + 1, . . . , n + h (see Hyndman, Ullah, 2007). 

 

2 Age specific fertility rates and total fertility rate from 1990 and their 

forecast to 2025 

This chapter deals with the application of the statistical models described above for the 

purpose of projection of future fertility rates. First, for the continuity of projection into the 

overall context, it is necessary to show the development of age specific fertility rates in the 

recent past. This development has been shown since 1989 when the Velvet Revolution and the 

change of political regime was followed by a second demographic transition (Van de Kaa, 

2002). 

The Quadratic Spline model is modeled (see Schmertmann, 2003, 2005, 2017), forecast with 

assistance of predictions of the parameters (Lipps, Betz, 2004) are made using the Box-

Jenkins methodology and assuming a constant parameter α. The functional demographic 

model is modeled in RStudio software based on the recommendations defined in the 

'demography' package (Hyndman et al., 2019). 
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For the purposes of the projection, both models have the same length of time series from 1989 

to 2017, which is the year of the Velvet Revolution. Choosing the length of time series for 

fertility is one of the topics that needs to be further published. While, on the one hand, in the 

Box-Jenkison methodology, a time series of thirty observations can be considered too short 

for a stable statistical modeling (O'Donovan, 1983) on the other, it is also possible to achieve 

more realistic demographic results in the Czech Republic's fertility modeling for example by 

shortening time series to the period from 1998 (Šimpach, 2015). 

Fig. 1: Age specific fertility rates in selected years, Czech Republic 

 

Source: Human Fertility Database, 2020 

As shown in Figure 1, age specific fertility rates in the Czech Republic have changed 

significantly since 1990. 

In the early 1990s, the highest age specific fertility rates were just after the age of 

twenty. Currently, women reach the highest age specific fertility rates after thirty years of age. 

This shift in age when reproduction is most common took place mainly between years 1990 

and 2010. The difference between the values in years 2010 and 2017 is no longer so 

pronounced. From year 2010 to the present a slight increase in overall fertility can be 

observed, especially due to higher fertility among women in higher age. 

Postponement of reproduction to a higher age compared to 1990 is due to factors 

accompanying the second demographic transition, such as greater opportunities for travel, 

career growth or a higher proportion of people studying at universities and many others (Van 

de Kaa, 2002). 
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In the case of the Czech Republic, it is also worth noting the very low fertility at the 

turn of the millennium and its subsequent recovery, among other things, due to the 

recuperation of postponed births (Fiala et al., 2018). Nevertheless, recuperation is not 

sufficient enough and fertility rates are far from that being reached at 1990 levels. 

The development of total fertility rate in Figure 2 reflects the facts already mentioned 

above, such as very low fertility at the turn of the millennium. Furthermore, there is a slight 

improvement in recent years, but the values are still far below the two children per woman.  

Fig. 2: Total fertility rate from 1989 to 2017, Czech Republic 

 

Source: Human Fertility Database, 2020 
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Fig. 3: Age specific fertility rates forecasted by Quadratic Spline model to 2025, Czech 

Republic 

 

Source: Human Fertility Database, 2020 

In the case of the Quadratic Spline model projection shown in Figure 3, there is a further shift 

in age when specific fertility is highest to an older age. Higher age specific fertility rates are 

achieved by women of older age and, on the contrary, fertility of women before reaching the 

age of 30 continues to decrease. As a result, it appears that overall slight improvement in 

fertility should continue based on model projection  

Fig. 4: Age specific fertility rates forecasted by Functional demographic model to 2025, 

Czech Republic 
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Source: Human Fertility Database, 2020 

Figure 4 shows the results obtained using the Functional demographic model. Like the 

previous Quadratic Spline model, there is expected a further fertility rates reduction in women 

around the age of twenty. Otherwise, the results differ significantly from the previous model. 

Increasing fertility at the age when specific fertility is the highest model expected only in the 

coming years, then the model expects its decline almost to the current levels. At the same 

time, the model does not assume an increase in fertility at an older age. 

Fig. 5: Total fertility rate and its forecast to 2025, Czech Republic 

 

Source: Human Fertility Database, 2020 

Of course, the differences between the models described above must also be reflected in the 

total fertility rate projection. In Figure 5, in summary characteristics such as total fertility rate, 

it is clearly seen that, although the same time series since 1989 has been used in both models, 

each model assumes a completely different future development. The Quadratic Spline model 

puts more weight on further overall fertility improvement, while the Functional demographic 

model expects another fluctuation. 

Conclusion 

This paper contributed to a reduction of a paucity of literature about using modern statistical 

models for the purpose of modeling age-specific fertility rates on datasets of Czech Republic. 

Completely unique in terms of new interesting facts, was also a comparison of differences in 

projections according to individual models. Thanks to the new findings that were gained 
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during the analysis presented in this paper, it was shown that although the same time series 

had been analysed in both models since 1989, the resulting projection was very different. The 

Quadratic Spline model, by assuming the modeling of this time series, would assume a further 

shift in age when specific fertility is highest to an older age. Higher age specific fertility rates 

should be achieved by women over 30 years of age, while increasingly lower age specific 

fertility rates should be achieved by younger women. Overall, fertility should increase 

slightly. On the contrary, the Functional demographic model does not assume an increase in 

fertility in older age or overall fertility. This model also expects fertility reduction in women 

around the age of 20. Of course, both models are only projections, which may not be the same 

as the actual values to be achieved in the future. 

Naturally, the issue in the Czech Republic must continue to be addressed. In particular, it is 

necessary to give a detailed look at the length of the analysed time series and how the choice 

of this length can influence the projection results in case of uneven fertility development in 

the Czech Republic. Further research should aim to deepen the methodological knowledge of 

these methods and to test in the Czech Republic other publically less appreciated possibilities 

of statistical modeling of fertility. 
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