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Abstract 

Theil-Sen regression can be defined as a robust method that is frequently used in non-

parametric regression analysis. In this method, In this method, parameter estimations are 

made with the median parameter. Trimean is a measure of central tendency that can be used in 

data especially when there are agglomeration or outliers and it is a variation of mean based on 

quartiles. In this article it is proposed similar means  with the help of other quantile values  

and they are defined as trimean family means: Tetramean, pentamean, hexamean, heptamean, 

octamean, nonamean and decamean. With these newly defined means, parameter estimations 

were made in Theil-Sen regression and the results were compared with the classical Theil-Sen 

estimation results. In the application, datasets derived from 7 different distributions and 3 

different datasets studied in the literature were used. According to the results obtained, 

trimean family results in real life data and median parameter results in simulation data were 

more successful. According to the results of the analysis, if there are no significant outliers in 

the data, it can be said that the results of the trimean family parameters are effective.  
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Introduction 

Regression analysis is one of the statistical techniques frequently used in forecasting studies. 

Regression analysis is a subject that examines the dependence of one explanatory variable on 

other explanatory variables with the aim of estimating the mean value of the former in terms 

of the constant values of the others (Gujarati, 1999). The aim here is to reveal and interpret 

the relationship between a dependent variable with one or more independent variables. This 

relationship does not have to be dependent on a function, nor may it have a cause-effect 

relationship. Parametric regression is the expression of the explained and explanatory 

variables and the mean relationship between these variables with a mathematical function. In 

order for the parametric regression analysis to be successfully applied, assumptions such as 
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normal distribution, equal variance, and autocorrelation must be provided. They are the most 

powerful regression methods in case the assumptions are realized (Erilli & Alakuş, 2016). 

These assumptions are often difficult to provide in real-life data. The methods used in cases 

where some assumptions valid for parametric regression methods cannot be met are generally 

called non-parametric methods. These methods emerge as effective methods when the sample 

size is very low or when there are outliers in the data (Hardle, 1994).  

Nonparametric regression techniques rely more on data than parametric techniques to 

obtain information about the regression function. Therefore, it is suitable for inference 

problems. Non-parametric estimators are more appropriate to use when a suitable parametric 

form for the regression function cannot be obtained. Because when the parametric model is 

valid, the efficiency of non-parametric models will be less. In addition, non-parametric 

models can also be used to test the validity of the parametric model (Eubank, 1988). 

Nonparametric methods use the median parameter instead of the arithmetic mean, which is 

susceptible to outliers. In this study, it is suggested to use new means defined as trimean 

family instead of median parameter in Theil-Sen method, which is one of the most frequently 

used non-parametric regression analysis methods in the literature. The suggested means were 

applied to real life data with simulation data obtained from different distributions and the 

results were investigated.  

 

1 Theil-Sen regression analysis 

Theil-Sen regression can be defined as a robust method that is frequently used in non-

parametric regression analysis. This method proposed in Theil (1950) study and was named 

Theil-Sen method after the corrections in Sen (1968). In this method, in order to find the 1̂

statistic, when the sample units are considered in pairs, the slopes of all cases 
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Although there are many studies with Theil-Sen method in the literature, the median 

parameter was used in almost all of these studies. In recent years, studies using alternative 

measures of central tendency instead of median have been increasing. It has been observed 
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that successful results have been obtained in recent studies with weighted median, trimean, 

and weighted trimean parameters (Erilli, 2021; Erilli, 2022; Öztaş and Erilli, 2021). 

 

1.1 Trimean and Trimean family  

The trimean parameter is a measure of central tendency that can be used in data, especially 

when there are agglomerations or outliers. It is a mean variety based on Trimean quartiles, 

first introduced in Tukey (1977) and is calculated as given in Equation 1: 

1 2 32

4

Q xQ Q
TriMean

+ +
=   (1) 

The quantiles are the values that divide a series ordered from smallest to largest into 

equal parts. Similar to the trimean parameter, similar means can be defined with the help of 

other quantile values. In this study, new mean definitions were made with the help of 

quantiles dividing a series into 6, 8, 10, 12, 14, 16 and 18 equal parts. Based on the trimean 

parameter, these obtained mean parameters were named Tetramean, pentamean, hexamean, 

heptamean, octamean, nonamean and decamean.  

The formulas of these proposed means are given in Equation 2-8: 
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1.2 Test of significance of slope parameter 

To test 0 1
ˆ: 0H  = , we can use the test statistics given in Equation.9 and 10 (Birkes and 

Dodge, 1993). 
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The approximate p-value of the test is calculated to be Prob Z t    , where Z is a 

random variable having a standard normal distribution. 

 

2 Application 

In application part, the means of the trimean family introduced above were used in the Theil-

Sen regression analysis instead of the median parameter, and the obtained estimation results 

were compared with the classical Theil-Sen results. Analyzes were tested on 2 different data 

structures. In the first, simulation data produced from 7 different distributions were used, and 

in the second, some real-life data used in the literature were used. The MAPE criterion was 

used in model comparisons. The MAPE formula is as given in Equation 11. 

1
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i i
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−
=    (11) 

In Equation 11, iA  represents actual value, iF  represents forecast value of the model. 

The mean absolute percentage error is one of the most widely used measures of forecast 

accuracy, due to its advantages of scale-independency and interpretability (Kim and Kim, 

2016). All analyzes were made in R package programme and Microsoft Excel with codes 

written by the author. 

In the first part of the application, the data from the determined 7 distributions were 

produced separately for both dependent and independent variables and Theil-Sen estimates 

were obtained with the proposed means. STATSGRAPHIC.16 (Trial version) package 

program was used to generate data. Data sets obtained by Monte-Carlo simulation technique 

from normal, exponential, log-normal, erlang, beta, weibull and gamma distributions with 

different parameter ratios were created and the performances of the proposed means were 

evaluated. Each dataset has 50 observations and 10 different datasets were created from each 

distribution. In Table 1, the parameter information of the produced data, the classical and 

suggested averages, and the best model parameters versus the MAPE values obtained from 

Theil-Sen estimates are given. The best model parameters are the parameters in which the best 
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results are obtained from the results obtained from 10 different data sets (11th or 12th model 

predictions are looked at if there is an equal best result). 

 

Tab. 1: Data analysis results generated from 7 distributions 

Method 
General (Including 

Median) 

Only Trimean 

Family 

Normal (Y:Mean 0, Deviation 1 ; X: Mean 0, Deviation 2) Median Hexa 

Normal (Y:Mean 0, Deviation 1 ;  X: Mean 1, Deviation 2) Tetra Tetra 

Normal (Y:Mean 0, Deviation 1 ;  X: Mean 2, Deviation 2) Median Penta 

Exponential (Y:Scale:0,1 threshold:1,0 ; X:Scale:0,1 threshold:1,0) Hepta Hepta 

Exponential (Y:Scale:0,1 threshold:1,0 ; X:Scale:0,2 threshold:2,0) Median Tetra 

Exponential (Y:Scale:0,1 threshold:1,0 ; X:Scale:0,3 threshold:3,0) Median Tri 

Log-Normal (Y:Mean 10, Deviation 1; X:Mean 10, Deviation 1) Median Tetra 

Log-Normal (Y:Mean 10, Deviation 1; X:Mean 10, Deviation 5) Median Hepta 

Log-Normal (Y:Mean 10, Deviation 1; X:Mean 10, Deviation 10) Median Hexa 

Erlang (Y:Shape:1 Scale:1; X:Shape:1 Scale:1) Median Nona 

Erlang (Y:Shape:2 Scale:2; X:Shape:2 Scale:3) Nona Nona 

Erlang (Y:Shape:3 Scale:3; X:Shape:3 Scale:6) Median Tri 

Beta (Y:Shape:1 Shape:1, X:Sahpe:1 shape:1) Hexa Hexa 

Beta (Y:Shape:2 Shape:2, X:Sahpe:2 shape:4) Hepta Hepta 

Beta (Y:Shape:3 Shape:3, X:Sahpe:3 shape:6) Median Tri 

Weibull (Y:Shape:2 Scale:1; X:Shape:2 Scale:1) Median Deca 

Weibull (Y:Shape:2 Scale:2; X:Shape:2 Scale:4) Hexa Hexa 

Weibull (Y:Shape:3 Scale:3; X:Shape:3 Scale:6) Median Hepta 

Gamma (Y:Shape:1 Scale:1; X:Shape:1 Scale:1) Hexa Hexa 

Gamma (Y:Shape:2 Scale:2; X:Shape:2 Scale:4) Median Deca 

Gamma (Y:Shape:3 Scale:3; X:Shape:3 Scale:6) Nona Nona 

When the results in Table 1 are examined, it is seen that the median parameter is very 

successful in the estimation results made with all mean types, including the median parameter. 

The superiority of the median parameter is not seen in the estimation results only in the Beta 

and Gamma distributions. It is seen that 3 best results are obtained in the estimations made 

with Hexamean and 2 best results are obtained in the estimations made with Heptamean and 

Nonamean. In Theil-Sen regression analysis, we can say that using the median parameter in 

data structures where both variables have the same distribution is sufficient to obtain the best 

result. When the results obtained from the means other than the median parameter are 

examined, the most successful results are seen as Hexamean with 5 and Heptamean with 4. 

No data structure has found the best results with Octamean. 

In the second part of the application, some real-life data used in the literature and the 

results obtained with the proposed means in different data structures that emerged as a result 
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of the changes in these data were investigated. These data are briefly introduced in Table 2 

and the distribution chart of the data is given in Figure 1. 

 

Tab. 2: Real-time data definitions used in application 

Data Simple Definiton 
Sample 

Size 
Source 

Forearm 

Length 

The heights (Y) in cm and forearm 

lengths (X) in cm of 33 black female 

applicants 

33 
Birkes and 

Dodge (1993) 

Weaning 

Weights 

Birth intervals in kg. (X) and weaning 

weights in kg. (Y) of ships  
14 Topla (1999) 

Blood Pressure 
The systolic blood pressure (Y) and age 

(X)  
30 Spaeth (1991) 

 

Fig. 1: Data spread graph 

 

In Table 3, new data definitions and analysis results obtained with 3 different data 

structures and the changes made in them are given. 

 

Tab. 3: Data analysis results generated from 3 real-life time data 

Data 
General (Including 

Median) 

Only Trimean 

Family 

ForeArm Length Hexa Hexa 

ForeArm (Last 3 observations on X reduced by 40%) Median Tetra 

ForeArm (Last observation on X reduced by 90%) Median Tetra 

ForeArm (Last observation on Y reduced by 90%) Nona Nona 

Blood pressure Hepta Hepta 

Blood pressure (Last observation on X reduced by 90%) Median Tetra 

Blood pressure (Last observation on Y reduced by 90%) Median Tetra 

Weaning Weights Tri Tri 

Weaning Weights (Last observation on X reduced by 90%) Median Hexa 

Weaning Weights (Last observation on Y reduced by 90%) Median Nona 
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When the results in Table 3 are examined, it is seen that the best estimates of all 3 data 

in their original form are not the estimates made with the classical median. In addition, it is 

seen that the median parameter obtained the best estimates in the data with at least 1 outlier in 

the data. Although generalization cannot be made with these analyzes, it can be said that 

trimean family parameters can be used instead of the median parameter if they do not have 

extreme values in the data. 

In addition, all of the models that gave the best predictive value in the model 

prediction results in Table 1 and Table 3 were statistically significant (p<0.05). 

 

Conclusion 

Non-parametric statistical methods use the median parameter instead of the arithmetic mean, 

which is affected by the slightest changes in the data. In this study, new means under the 

name of trimean family were introduced instead of the median parameter for non-parametric 

regression analysis and their use in Theil-Sen regression analysis was suggested. In the 

application, simulation data obtained from 7 different distributions and 3 real life data were 

used. In most of the simulation data, it was seen that the estimation results obtained with the 

median parameter were more successful. In addition, while the Trimean family results were 

more successful in real life data, it was determined that the median parameter gave successful 

results in the outliers formed in these data. 

According to the simulation results obtained from 7 different distributions, it is seen 

that the suggested averages give the best model results in different data structures. After that, 

it was seen that TetraMean parameters in the data obtained from the normal distribution, 

Heptamean in the exponential and beta distributions, median in the log-normal and erlang 

distributions, and Nonamean parameters in the weibull and gamma distributions gave more 

successful results. It is also interesting that no best model results came out with the Octamean. 

As a result, it is thought that using the proposed trimean family means in non-

parametric regression methods will be a good alternative. It can give successful results, 

especially in cases where outliers are not excessive in the data. Although the assessments are 

made according to the estimation results obtained from this study, in future studies, stronger 

generalizations can be made by testing these means in different data structures as well as 

having low observations, right or left skewed structures or high rates of outliers.  
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